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Abstract. In the present paper, we investigate special generalized g-Eulcr 
numbers and polynomials. Some earlier results of T. Kim in terms of g-Euler 
polynomials with weight a can be deduced. For presentation of our formulas we 
apply the method of generating function and p-adic g-integral representation on 
Z p . We summarize our results as follows. In section 2, by using combinatorial 
techniques we present two formulas for g-Euler numbers with weight a. In 
section 3, we derive distribution formula (Multiplication Theorem) for Dirichlet 
type of g-Euler numbers and polynomials with weight a. Moreover we define 
partial Dirichlet type zeta function and Dirichlet g-L-function, and obtain 
some interesting combinatorial identities for interpolating our new definitions. 
In addition, we derive behavior of the Dirichlet type of (j-Euler L-function with 
weight a, Cq (s, x \ a) at s = 0. Furthermore by using second kind Stirling 
numbers, we obtain an explicit formula for Dirichlet type q-Euler numbers 
with weight a, and /J. Moreover a novel formula for g-Euler-Zeta function 
with weight a in terms of nested series of Cb, 9 ( n I a ) i s derived . In section 4, 
by introducing p-adic Dirichlet type of g-Euler measure with weight a, and /3, 
we obtain some combinatorial relations, which interpolate our previous results. 
In section 5, which is the main section of our paper. As an application, we 
introduce a novel concept of dynamics of the zeros of analytically continued 
g-Euler polynomials with weight a. 



1. Introduction 

In this paper, we use notations like N, R and C, where N denotes the set of 
natural numbers, R denotes the field of real numbers and C also denotes the set of 
complex numbers. When one talks of g-extension, q is variously considered as an 
indeterminate, a complex number or a p-adic number. 

Throughout this paper, we will assume that q G C with \q\ < 1. The g-symbol 
[x : q] denotes as 

q x - 1 
[x:q} = — j. 

Originally, g-Euler numbers and polynomials were introduced by L. Carlitz in 
1948 and gave properties of this polynomials (see [20], [21]). Recently, Taekyun 
Kim, by using p-adic q-integral in the p-adic integers ring, has added a weight to q- 
Bernoulli numbers and polynomials and gave surprising and fascinating identities of 
them (for details, see [5]). The q-Bernoulli numbers and polynomials with weight a 
are related to weighted g-Bernstein polynomials which is shown by Kim (for details, 



2000 Mathematics Subject Classification. Primary 05A10, 11B65; Secondary 11B68, 11B73. 
Key words and phrases. Euler numbers and polynomials, q-Euler numbers and polynomials, 
weighted q-Euler numbers and polynomials, weighted g-Euler-Zeta function, p-adic g-integral on 



2 



S. ARACI, M. ACIKGOZ, AND H. JOLANY 



see [7]). These polynomials have surprising properties in Analytic Numbers Theory 
and in p-adic analysis, especially, in Mathematical physics. Ryoo also constructed 
q-Euler numbers and polynomials with weight a and introduced some properties 
of (?-Euler numbers and polynomials with weight a in "A note on the weighted 
q-Euler numbers and polynomials with weight a, Advanced Studies Contemporary 
Mathematics 21 (2011), No. 1, 47-54." 

Analytic continuation of q-Euler numbers and polynomials was investigated by 
Kim in [T]. In previous paper, Araci et al. also considered analytic continuation 
of weighted g-Genocchi numbers and polynomials and introduced some interesting 
ideas (for detail, see [26]). In this article, we also specify analytic continuation of 
weighted q-Euler numbers and polynomials. Also, we give some interesting identi- 
ties by using generating function of Ryoo's weighted g-Euler polynomials. 

Because in the literature of our present paper we use of p-adic Arithmetic and 
p-adic numbers, so we need to give short review on p-adic numbers. Historically 
the p-adic numbers were introduced by K. Hensel in 1908 in his book Theorie der 
algebrai'schen Zahlen, Leipzig, 1908 (for more informations on this subject, see j!9j). 

Let p be a prime number, fixed once and for all. If x is any rational number 
other than 0, we can write x in the form x = p"| , where a, b G Z are relatively 
prime to p and n G Z. We now define 

\x\ p = p~ n and |0| p = 0, and ord p (x) — n and ord p (Q) = +oo. 

They satisfy the following properties, 

\x\ p > 0, \x\ p — if and only if x = 
\ x + y\p < max{|x| p , \y\ p } (the strong triangle inequality) 

with 

\ x + y\p = max{|a;|p, \y\ p } if \x\ p ^ | j/ | p (the isosceles triangle principle) 

\x-y\p = \x\p.\y\p 

\x\ p is called the p-adic valuation. Ostrowski proved that each nontrivial val- 
uation on the field of rational numbers is equivalent cither to the absolute value 
function or to some p-adic valuation. The completion of the field Q of rational num- 
bers with respect to the p-adic valuation \.\ p is called the field of p-adic numbers 
and will be denoted Q p . The set 

z p = {x e Q P | \x\ p < 1} 

is the ring of p-adic integers. It can be easily proved that each p-adic number x 
can be written in the form 

oo 

x = ^ an P n 

n=-f 

where each a n is one of the elements 0, 1, • • - ,p— 1, and / G Z. This is called the 
Hensel representation of p-adic numbers. With this representation, one obtain for 
x G Q p , ordp(x) = +oo if aj = for all i and ord p {x) — min{s\a s ^ 0}, otherwise. 
Moreover we can write 
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2. Properties of the g-Euler Numbers and polynomials with weight a 

For a G N (J {0}, the weighted g-Euler polynomials are given as: 
For leC, 

oo n oo 

(2.1) Zn, q (x | a)- = [2: q }Y (-1)" q - e ^+^ . 

n=0 ' n=0 

As a special case, substituting x — into (|2.ip . i?„ :9 (0 | a) := S n)9 (a) are called 
weighted g-Euler numbers. By (|2.1[) . we readily derive the following 

^" | °»- ^fi.% tQ(-')'ij^„ 

where (?) is the binomial coefficient. By expression (|2.1j) . we see that 

(2.3) (a | a) = (g Qa; £ g (a) + [x : g<*])" , 

with the usual convention of replacing (^E q (a) J by E n ^ q (a) (for details, see 

Let ffg (a;, t) be the generating function of weighted g-Euler polynomials as 
follows: 

(2.4) = (a | a)-. 

n=0 

Then, we easily notice that 

oo 

(2.5) H ^ (x, t) = [2 : q] £ (-1)" gV["+* : <^ . 

n=0 

From expressions (12.41) and (I2.5p . we procure the followings: 
For k (=even) and n, a G N (J {0}, we have 

fc-l 

(2.6) E n , q (a) - q k E n , q (k | a) = [2 : q] £ (-1)' g ; [i : g«]" . 
For fc (=odd) and n, a G N(J {0}, we have 

fc-i 

(2.7) g fc £„, g (fc I a) + E n>q (a) = [2 : g] £ (-1)' g< [1 : g«]" . 
Via Eq. (|2.5p . we easily obtain the following: 

(2.8) E n , q (x | a) = q-°* £ (?) g« fc *£ M (a) [x : gT"* . 



fc=0 



From (|2.6p - (|2.8[) . we get the following theorem. 
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Theorem 1. Let k be even positive integer. Then we have 

(2.9) [2:g]£(-l)V[^T 

2=0 

n— 1 , \ 

= (l - g^ 1 "^)) (a) - g* 1 -*) £ (JJ<T^, 9 (a) [k : g T~' . 
Theorem 2. Let fc fee an odd positive integer. Then, we procure the following 

k-l 

(2.10) [2:g]£(-l)V[^T 

= (g^ 1 "^-) + l) E n<q (a) + q k ^ J2 (fyq alk Ei, q («) [* : «T~' ■ 

3. q-Euler-Zeta function with weight a 

The familiar Euler polynomials arc defined by 

(3.1) e* = £^ (a .)_ |i| <7rcf . L 4. 

n— 

For s G C, x G M with < x < 1, Euler-Zeta function is given by 

(3.2) C,(^) = 2^^_J_, 



m— 

and 



(3-3) Ce(s)=Y, 



(-1)' 



m" 

m—l 



By expressions (|3.1[) . (I3.2[) and (|3.3I) . Euler-Zeta functions are related to the 
Euler numbers as follows: 

Ce = E n . 

Moreover, it is simple to see 

Ce (-n,x) = E n (x) . 
The weighted q-Euler Hurwitz-Zeta type function is defined by 

C E , q (s,x\a) = [2:q}J2 /" 1 ~ a] s ■ 
' H to + x : q a \ 

rn—O L J 

Similarly, weighted g-Euler-Zeta function is given by 



C £ , 9 (s \a) = [2:q]J2 



(-lfV 



in : q"\ 

For n, a G N [j {0}, we have 

C E , q (~n | a) = E ritq (a) (see Q3]). 

Wc now consider the function E q (n : a) as the analytic continuation of weighted 
g-Euler numbers. All the weighted g-Euler numbers agree with E q (n : a), the 
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analytic continuation of weighted q-Eulcr numbers evaluated at n. For n > 0, 
E q (n:a) = E, hq (a).^ 

We can now state E q (s : a) in terms of Q E , q (s \ a), the derivative of ( Eq (s : a) 

E q (s:a) = ( E q (s \ a) , E q (s : a) = (' E , q (s \ a) . 
For n,a 6 Nlj{0} 

E q (2n : a) = Ce, q (-2n | a) . 
This is suitable for the differential of the functional equation and so supports 
the coherence of E q (s : a) and E q (s : a) with E n ^ q (a) and ( E q (s \ a). From the 
analytic continuation of weighted g-Euler numbers, we derive as follows: 

E q (s : a) = ( E q (-s | a) and E q (-s : a) = ( E q (s \ a) . 

Moreover, we derive the following: 
For neN 

E- n ,q (a) = E q (-n : a) = ( E q (n \ a) . 

The curve E q (s : a) runs through the points £?_ S;9 (a) and grows ~ n asymptot- 
ically (— n) — > — oo. The curve E q (s : a) runs through the point E q (— n : a). Then, 
we procure the following: 

(°° (-l) m q" l \ 
z — ' \m : q a \ ] 
m—l 1 / 



= lim 



°°/-|\m m \ 



From this, we note that 



E q (-n : a) = C E , q (n \ a) ^ E q (s : a) = C E q (s \ a) . 

Notations: Assume that p be a fixed odd prime number. Throughout this 
paper we use the following notations. By 7L p we denote the ring of p-adic rational 
integers, Q denotes the field of rational numbers, Q p denotes the field of p-adic 
rational numbers, and C p denotes the completion of algebraic closure of Q p . Let 
N be the set of natural numbers and N* = N U {0}. The p-adic absolute value is 
defined by \p\ p = K In this paper we assume \q — l\ p < 1 as an indeterminate. Let 
UD(Z p ) be the space of uniformly differentiable functions on Z p . For a positive 
integer d with (d,p) — 1, set 

X = X d = limZ/dp n Z, 

n 

X* = U a + dp1 p 

0<a<dp 

(o,p)=i 

and 

a + dp n Z p = {x e X I x = a (mod dp n )} , 
where a € Z satisfies the condition < a < dp n . 

Firstly, for introducing fermionic p-adic g-integral, we need some basic informa- 
tion which we state here. A measure on Z p with values in a p-adic Banach space 
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B is a continuous linear map 

/ >-> / f(x)n = I f(x)n(x) 



from C°(Z p ,C p ), (continuous function on Z p ) to B. We know that the set of 
locally constant functions from Z p to Q p is dense in C°(Z p , C p ) so. 

Explicitly, for all / e C°(Z p ,C p ), the locally constant functions 

p"-i 

fn = E /(OWz, "> / in C ° 

Now, set fx(i + p n Z p ) = L lj+png^/x. Then L //i, is given by the following 
Riemannian sum 

o"-l 



/" /// = lim V /(<)/x(i+p n Zp) 



i=0 

T. Kim introduced /i as follows: 



fi_ (a+p n Z p ) 



[P n ] 



So, for / G UD the fermionic p-adic g-integral on Z p is defined by Kim as 
follows: 

(3-4) /_,(/) = / f( V )d»_ q (r)) 

1 C^ 1 
= lim- TWWH)'. 

Let % be the Dirichlet's character with conductor d (= odd)G N and let us take 
/ iv) = X (jl) [x + rj : q a ] n , then we define Dirichlet's type of g-Euler numbers and 
polynomials with weight a as follows: 

(3.5) £* q (x\a)= f X (ri)[x + V- <?T dp,_ q fa) . 

From (|3.4[) , we have the following well-known equality. 
(3-6) 

q d [ /( ?? + d)d/i_ g (r ? ) + (-l) d - 1 f f( V )d^_ g (rj) = [2:q}J2l l (-^ d ~ 1 ~ l f(l)- 

Jz p Jz p l=0 

By expressions of (|3.5|1 and (|3.6j) . for d (=odd) positive integer, we have the 
following 
(3-7) 

fo 1 " / \ ^— 1 ajl 

£%a( x I «) = T « F r H) 3 ^ y X (0 9 ( (-1)' ^4tw ■ 
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Substituting x — in Q3.7p . £% (0 | a) := £% q (a) are called Dirichlet type of 
q-Euler numbers with weight a. That is, we easily derive the following 

[2;q] A/n\. ,,.-^1 m , g^ 1 )' 



(3-8) £*, (a) = E E X (0 (-1) 



Theorem 3. Lei x ^ e Dirichlet 's character and for any n G N*. TTien we Ziaue 



fc=0 

Proof. By using (|3.5j) and (|3.8p . becomes 



£ n,q ( x \ a ) = i X {V) [x + V- <f] dfx_ q (rj) 

X (v)([x:q a ]+q ax [v : g Q ]) n d/*_, (v) ■ 



From this, by using binomial theorem, we can write the following 
E (t) 1 akx [* ■■ QT~ k I X (V) [V ■■ q a f d^ q (r?) 

= E(fc)^[-« Q r fe %(«). 

Thus, we complete the proof of the theorem. □ 

Theorem 4. The following identity 

d-l 



£* q (dx | a) = [ ^-^ E (-1)° X (a) q a E n . qd (x + ± \ a) 



holds true. 



Proof. To prove this, we compute as follows: 

dp n -i 



n^-oo \dp n : —q. 



I , p"-ld-l 

lim 

'1 J y = Q a=0 



[d: 


-Q] 


[d 


q a ] 


[d: 


-q] 


[d 


q a ] 



p'-ld-l 

— -5T E E (-9) Q+d " X (o + dy) [x + a + : q a } 7 



d-l p n -l 

E(-g) a x(a)Jim E (-9) 

a=0 LF J -9 y=0 

d-l , 

x + a 
— : — I a 



L ^ J a=0 

So, we get the desired result and proof is complete. □ 
By (j3.7[> . we procure the following: 

— = [2 : q] V ^ f-1 V" ^+ m ^ 
n! 

n— m— 



(3.9) E ^ (* I «) 7T = t 2 : «] E M (-1)™ e* 
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By applying derivative operator of order k as J^r \t=o, we have the following 

oo 

El q (x\a) = [2:q]J2 q m X M (-1)™ [x + m : q a f . 

m=0 

That is, we can define Dirichlet q-L-function as follows: 

q m X (m)(-l) m 



(3.10) Q(s,x\a 



kr + m : <7 Q J 
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Lemma 1 . TTie following equality holds true: 

(-fc,x | a) = £* q (x\a). 
Proof. Substituting s = —k into (|3.10p . we arrive at the desired result. □ 
Now also, we define partial Dirichlet type zeta function as follows: 

(3.11) H*(8:x:a:F\ a ) = [2:q] £ ^'"J . 

H t-* 1 \x + m : q a \ 

m=a(modF) L y 1 

Now, for interpolating partial Dirichlet type zeta function, we rewrite it in terms 
of weighted g-Eulcr Hurwitz-Zeta function as follows. 

Theorem 5. For F = l(mod2), then the following equality holds true: 

[2:q]q a (-l) a X (a)~ ( x + a 



(3.12) (s : x : a : F \ a) = [F . qa] s [*> r 
Proof. By expression of (|3.11l) . we compute as follows: 

H*(s:x:a:F\a) = [2:,] £ 

m=a(modF) L y J 

^ f^ xK + fl)( -l)^ 

m=0 L J 

[2:^°HrxM f ( g F ) m (-ir 

Thus, we arrive at the desired result. □ 

If we put s — —n into (|3.12[) . then, we can write partial Dirichlet type Zeta 
function in terms of weighted g-Euler numbers 

(3.13) U\ (-n : x : a : F \ a) = [2 : q] q a (-l) a X (a) [F : q<*] n E^ qF \ a^j . 

Theorem 6. The following identity 
(3.14) 

[x + a : g a ] ^ \ k J \[x + a : q a ] ) 

holds true. 

Proof. Taking n — — s into ((3TT3J) and some manipulation by using combinatorial 
techniques, we can reach to the proof of the theorem. □ 
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If we substitute s — —n into (|3.14[) . then, p.!4|) reduces to (|3.13|1 . Now also, 
we give the following theorem. 

Theorem 7. Let d = l(mod2), then, we have 
Proof. By using (|3 . 10[) . we compute as follows: 

m=0 Z=0 L y 1 



[2 : ?] v~V ^1 m 17 ^ a; + 1 



1=0 

Thus, we prove the above theorem. □ 

By means of the above theorem and (|3.12p , we have the following corollary. 

Corollary 1. The following equality 

1 d-l 

(3.15) q(s,x\a) = J —^Y, n ^ s:x:l:d \^ 

[Z ■ q 1 1=0 

holds true. 

By (|3.14[) and ()3. 15|) . we have the following corollary. 
Corollary 2. The following nice identity 



holds true. 



By using (j3. 13[) and (13. 15|) . we derive behavior of the Dirichlet type of g-Euler 
L-function with weight a at s — as follows: 

Theorem 8. The following identity holds true: 

[ ' q J (=0 

Now also, we define Dirichlet type g-Euler polynomials with weight a and (3 with 
the following expression 

(3.16) £* (x\a:p)= [ [x + V : q a ] n x (v) dn_ qS (v) ■ 

Taking x — into (|3.16|) , we have £* >9 (0 | a : 0) := (a : (3) which is called 
Dirichlet type g-Euler numbers. Then, by (|3.16j) . we easily derive the following 

(3.17) £* 9 (x\a:(3) = j2 (fj q alx tf q (a :f})[x: q a ] n ' 1 ■ 
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Theorem 9. The following equality holds true: 

£* q {x\a:(i) = j^( n \if q {a: P)j^( l ){ q - ~l)\n-l +J )\(-l) n - l+ = 

1=0 V J j=0 V/ 

x £ ( n - l+j+m - 1 )a n q am (lo gq rS(n,n-l+j) 



m 7 n—0 v 7 

Proof. To prove this, by applying (|3.17D , we easily discover the following assertion 

% iq (* | a : /?) = £ (D% 9 (« : P) £ (!) («" ~ : ST"^' • 

The Second kind Stirling numbers are defined by means of the following generating 
function. 



(3.18) £<S(n,fc) 



n=0 



t n _ (e* - if 
n\ ~~ fc! 



(for details on this subject, see [H]). t replace by ax log q in (|3.18[) . then, we easily 
derive the following 

(3.19) [x:q<*] k = k\(-l) k V ( k + m - 1 )a n q am (logqTS(n,k)^, 

m,n— 

where ^™„ =0 = ^m=o X^=o- Thus, by (|3.18[) and (|3.19|) . we get the desired 
result and proof is complete. □ 

Theorem 10. The following equality 

£* q (x\a:(3) = £ (-g)» X («) I « : /? 

holds true. 

Proof. By applying the p-adic integral representation on the Dirichlet type of q- 
Euler polynomials with weight a and /3, we compute as follows: 



£n, q (x\a: (3) = / x (v) i x + V ■ Q a } dfi_ q p (77) 



-1 



lim - 1 _ m £ (-<i) v x(y)[x + y : q a ] 



[dp«:-qP] v _ n 
^ ^ P n -ld-l 

££, \ v n ■ -gdP] E £ C^)"^ X (a + dy) [x + a + dy 

U ' y J y=0 a=0 



[d: 




[d 




[d: 


-qP] 


[d 


q a ] n 


[d: 


-qP] 



[d • q a \ 1 

J2(-qT X (a)E n>qd (^\a:P 



P n -x 

q d r 



x + a 

— ; 1- y : 9 



a=0 
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Here, E n q d (^j 2 \ a : 0) is defined by Ryoo in [IB], which is called g-Euler poly- 
nomials with weight (a, (3). As a result, we have the proof of the theorem. □ 

4. On p-adic Dirichlet type of a-Euler measure with weight a and j3 

Now, we introduce a map ( a + P n ^p) on the balls in Z p as follows: 

(4-1) tif (a + p n Z p | X ) = ^j^X (a) (-if q a f k ^ (®* \ a : /?) 
where {a}„ = a(modp"). 

Theorem 11. Let a, k G N. Then we specify that fJ^ q is p-adic measure on Z p 
if and only if 

fx** I a : = ^T^J E (-l)V** 1 W)» I a : /? 

Proof. By similar method in [23], we can state the proof of this theorem. Therefore, 
we omit it. □ 

We now set as follows: 

(4-2) QL | a : = E n qP ™ (jL\ a: 

From (|4.1[) and (|4.2[) , we easily see 

(4.3) ^f( a+P ^ p \ X ) = ^l^ ]X (a)(-ir q a E k>qpn Q|- | a : 

By (I2.1[) and (|4.3[) . then, we have the following theorem. 
Theorem 12. For a,k £ N, we ftave 

(x| X )=^(a:^). 
Proof. By using combinatorial techniques, we compute as follows: 

J x dfjtff (x I x) = Hm f^;!^ g X (x) (-If g*^,,*.- I a : /3 

CL — ^ — 

[d : q n 



g^£(-l)Vx(«)^(;jl«:/9 



a=0 

so, we obtain the desired result. □ 



Theorem 13. For any k G N, we gei 



**£f (* I X) = X (p) £fqfi%* (« : 
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Proof. From <|2. 1|) and (J4T3J), we derive the followings assertions 

vfl . „al k dp n -l 



J px ' *> - £ x M ( ~ ir qPX ~ Ek ^ 1 a : p ) 



\p:g a ] [d: qP a ] k I (-1)° g^x (a) l™n->oo g^$ak] 



Thus, we get the desired result and proof is complete. □ 

By the same method which we used in above theorem, by a little bit manipula- 
tions we can state the following theorem. 

Theorem 14. For 1) G X*, we ftaue 

/ V«f (ex | X ) = X (*) r [P:qf \j ? A*:?)- 

JpX k '1- Vc/ p . (- q /3)c k,«<= 

Theorem 15. For c 1) G X*, we /iaue 

/ V a f (cx I x) = X (-) f X i (a : /?) . 
Jx k >q c \ C J k ^ a 

We can define the following identity: 

I x) = fif (u | x) - ^ l[ fr^-/:S ( cC/ 1 

here {/ is any compact open subset of Z p , it can be written as a finite disjoint 
union of sets 

U= U (oi+p n Zp), 
j'=i 

where n£N and ai, 02, afe G Z with < aj < p™ for i = 1,2, fc. 
Theorem 16. For c (=/= 1) G A"*, we procure the following 

I dV&H («* I *) = (1 " X p ) (l - ^V") (a : 0) 
where the operator \ y :— ^>fc><*>$ on f (q) is defined by 

X V f (q) = X V ' k ' a '' q f (q) = [jfr^jX (V) f 
That is, we can write 

x ,,k, a -, q Q x „,k, aiqf {q) = x xy,k,*; qf {q) = x xy f {q) _ 



,k d-1 
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Proof. To prove this, we assume that / (q) = (a : /?). Then, we get 



£L (a:P)-X (P) gfyetj. (« : P ) - 

x X (I)£* l( a:/3)+ X (f) r^JMfc . (« = 

From this, we derive the following 

(1-X P ) (l - c-V" 1 ) % (<*:/?) 
Then, we complete the proof of theorem. 



□ 



5. Analytic continuation of g-Euler Polynomials with weight a 



The concept of analytic continuation just means enlarging the domain without 
giving up the property of being differentiable, i.e. holomorphic or meromorphic. 
More precisely Let /i and / 2 be analytic functions on domains fii and fi 2 , respec- 
tively, and suppose that the intersection Qi n 2 is not empty and that/i = / 2 on 
S7i n 2 . Then / 2 is called an analytic continuation of fx to Q 2 , and vice versa . 
Moreover, if it exists, the analytic continuation of fi to i7 2 is unique. By means 
of analytic continuation, starting from a representation of a function by any one 
power series, any number of other power series can be found which together define 
the value of the function at all points of the domain. Furthermore, any point can be 
reached from a point without passing through a singularity of the function, and the 
aggregate of all the power series thus obtained constitutes the analytic expression of 
the function. So we are ready to state analytic continuation of g-Euler polynomials 
with weight a as follows. 



E n , q (x | a) = q- ax Y, W)l akXE ^ q («) [x : <?T~'' 



as 



For coherence with the redefinition of E n ^ q (a) = E q (n : a), we have 

fc=o ^ 

Let T (s) be Euler-gamma function. Then the analytic continuation can be get 

n n> s e M, x M> w e C, 
E n ,q(a) H> E q (k + s - [s] : a) = ( Eq (- (k + s - [s]) \ a) , 
r(n + l) L(s + 1) 

v A; , 



r (« - fc + 1) r (a + 1) r (i + fc + (« - [«])) r (i + [ s ] - k) 



E s , q (w\a) i ^ £ 9 (s, «; : a) = <r atu £ 



fe=-i 



r (g + 1) gg (fc + (s - [s]) : a) q°""(fc+(»-[»])) 

r(i + fc + ( s -[ s ]))r(i + [ s ]-fc) 



wig" 



[sl-fe 



= q 



. aw r ( g + !) E i tl + fc + (iZ [fP : a) g-^^+t^M)) ^ _ ^j+i-fc 



fc=0 



r(fc + (s-[s]))r(2 + [ s ]-fc) 



Here [s] gives the integer part of s, and so s — [s] gives the fractional part. 
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S. ARACI, M. ACIKGOZ, AND H. JOLANY 



Deformation of the curve E q (1, w : a) into the curve of E q (2, w : a) is by means 
of the real analytic cotinuation E q (s, w : a), 1 < s < 2, —0.5 < w < 0.5. 
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